Implications of Dynamic Trading for Insurance Markets
Within the financial services industry, insurance and capital markets are usually studied separately and yet they share quite fundamental similarities: they help people control their risk exposures. Insurance allows agents to reduce their exposure to certain risks (losses) while capital markets give people the opportunity to invest in risky assets (with potential gains and losses) in a way that will suit their taste for risk. Over the past two decades we have observed huge growth in capital markets of developed economies: increasingly sophisticated and efficient financial trading mechanisms and a vast growth in the number and type of financial instruments available to the general public. This growth has not been matched by a similar development in primary insurance markets and yet, as capital markets and insurance are so closely related at a fundamental level, one should expect there to be some interactions between the two. The interaction we have observed is increased liberalization of the insurance industry and a slow homogenization of regulation for the entire financial services industry in terms of risk management and solvency requirements.
We are interested in studying the interaction between insurance and capital markets and we do it by putting both markets within a single theoretical framework. In this paper we combine a standard model of primary insurance with a sophisticated model of the stock market. The aim is to study what effect access to financial markets has on the scope and efficiency of a competitive insurance market. At the same time we want to see what can be learnt about capital markets by modelling explicitly the insurance activity driving asset prices.
There is a large literature that addresses the issue of insurance market scope and efficiency. A classic result that underlies much of current intuition on this issue is the work of Malinvaud (1972 Malinvaud ( , 1973 : insurance contracts deal with individual risk and not aggregate risk (the risk to the whole economy); insurance markets will be efficient in the absence of future commodities and contingent commidities if the individual risks do not generate aggregate risk for the economy. This will occur if there are sufficiently many private risks so that the law of large numbers applies, and on aggregate the risk disappears (in the limit). Since this work, a large body of literature has analyzed how could insurance markets function efficiency when aggregate risk does not disappear, e.g. when there are large natural catastrophes such as earthquakes or hurricanes.
The literature has come up with many answers but we will limit ourselves to a small list of illustrative references. One of them is that aggregate risk sharing is built into insurance industry structure (Dionne and Doherty (1993) uses this argument to explain the high proportion of mutuals relative to stock companies in the insurance sector -despite their higher capital costs as documented in Harrington Niehaus (2002)). Another answer is to have aggregate risk incorporated into insurance contract design (Cummins Mahul (2001) , Cass Chichilninsky and Wu (1996) ). Some argue that aggregate risk is dealt with in secondary markets such as reinsurance (Borch (1984) insurance and investment decisions (Doherty Schlesinger (1983) , Gollier (1994) , Vercammen (2001) ). This paper is within the line of research that studies how secondary markets (specially stock markets) aid optimal risk sharing. It contributes to the literature by providing a relatively simple and general structure that permits the joint study of standard insurance and finance models and their interactions. The structure is based on the one in Penalva (2001) but with a very different insurance sector.
Here we consider more natural insurance markets where contracts are illiquid, i.e., they cannot be dynamically traded. Within this new structure we show that the presence of sophisticated financial markets enhances the scope for optimal risk sharing via insurance when there is aggregate risk. Using results from financial theory we show that agents use their ability to trade frequently in the stock market to optimally share aggregate risks such as those arising from earthquakes.
We show that insurance markets can be efficient even if there are very few risks and the risks are not independent. Also, insurance markets are efficient even if agents in the economy have very different wealth levels and tastes for risk.
Our model also extends existing results by providing an exact characterization of stock market trading behavior. In particular, we are able to show that when there are only simple risks agents will only require access to an equally weighted portfolio of insurance company shares and a riskless asset, and that the trading strategies in these assets are very simple to construct (and do not require solving complex stochastic differential equations in the line of Merton (1969 Merton ( , 1971 or dynamic programming, Samuelson (1969) ).
We also find that aggregate risk enters the primary insurance market via prices and not through insurance demand: equilibrium premia in the secondary market, the stock market, determine premia in direct insurance. This feedback between primary and secondary markets via the loading on insurance prices is a natural characteristic in our economy. The idea that such connection exists has been put forward by other authors in the context of reinsurance markets (and with very different models), e.g. in Borch (1984) . In our model 1 the stock market is the only secondary market for insurance contracts -reinsurance is redundant because there is no risk of default. As we will show, the loading will not depend on the insured's willingness to pay but on the overall economy's taste for risk.
The presence of a stock market can greatly simplify people's demand for insurance: they will want to eliminate all the risk from their private accidents and hence buy full coverage -even when competitive insurance prices have a positive loading (i.e. they are priced above their actuarially fair price) to compensate investors in capital markets. Our results illustrate how the presence of a developed stock market can radically alter our perception of how insurance markets operate.
The paper is structured as follows: this introduction is followed by a detailed description of the model: first we describe the agents and their risks, then the insurance market followed by the stock market, and after that we put them together to define agents' budget constraints and the corresponding notion of equilibrium. The next section contains a partial equilibrium analysis of optimal insurance demand. Insurance market efficiency is then proven in section 3, and
1 As already seen in Doherty and Tiniç (1981) we study the corresponding insurance and asset demand in section 4. Section 5 discusses how the results extend to insurance markets with more complex risks and considers what will happen if agents have special preferences (of the type commonly used in financial models). We then provide some concluding remarks.
Only the short and simpler proofs are in the text, the rest we have put in the appendix.
A SIMPLE MODEL OF INSURANCE WITH DYNAMIC TRADING
We construct two economies: one is a simple economy where all agents are the same and exposed to independent risks; the other is more complex and is used to show that the results of our paper apply more generally (in the general economy agents can have different preferences and endowments, and risks do not have to be independent). The simpler economy is presented to illustrate our results in a framework that is familiar to economists working with risk and insurance. The reader wishing to focus on this simpler economy can skip the more technical paragraphs which are used for the general case. The model itself is a contribution to the literature because of the way it incorporates the time dimension into a standard economy with personalized risks. In the model agents can consume at dates zero and one; date one endowment is at risk but agents have the accidents (which reduce their future endowment) at some intermediate
Because our model is unusual we provide additional intuitive explanations of its different parts and how they interact.
Preferences and Risk
We analyze an economy with n < ∞ agents. Agents can consume at date 0 and date 1. In the standard insurance model all agents have the same preferences and endowments. Agents are expected utility maximizers with common priors and their preferences are given by:
, where u is an increasing, strictly concave differentiable function satisfying the standard Inada conditions.
A more general version of preferences which we will also consider is: Assumption A.2 All agents have the same endowments and they will have a date one endowment loss of magnitude L < w with probability p (independent across agents) so that e i (0) = w > 0 and
It will be useful to keep track of the total number of accidents in the economy:
Insurance and the stock market
Insurance markets and the stock market interact in this model as agents can purchase private insurance and invest in the stock market. The link between the two is provided by insurance companies who sell insurance and issue shares. We combine standard models of both activities from insurance and finance theory. An insurance company is an institution whose objective is to sell private insurance contracts and raise capital to cover future indemnity payments. It can raise capital by issuing shares and by borrowing from the money market. To simplify the exposition we will assume there are J insurance companies. Each company issues one perfectly divisible share. Companies are fully equity financed. They invest the insurance premia in a riskless bond and at date one issue dividends equal to the firm's assets (premia plus interest) minus indemnities payable. Because we do not allow default the owners of insurance firms stand to loose money if there are too many accidents and will require compensation for taking this risk.
The stock market is an institution in which an auctioneer continuously sets prices to facilitate share trading. We assume there is no private information and the auctioneer sets prices such that no arbitrage opportunities exist. Agents can go to the stock market and trade shares at the announced prices at any time without any costs, frictions or constraints. As agents have common priors, trades are purely motivated by the desire to control risk exposures.
The relevant information in this market is agents' accidents (or lack thereof).
We assume that an accident to agent i can happen at any time between consumption periods and we denote the random time of the accident to i by
Although the consequences of the accident on i's endowment will not be realized until date one, that information will have an immediate effect on share prices as it reveals information on future insurance company liabilities (and hence future dividends).
We assume that for each agent i the arrival time of an accident is a smooth function of calendar time. More specifically, if τ i is the time that agent i suffers an accident, τ i is distributed as an exponential distribution with parameter λ (naturally, τ i > 1 implies agent i suffers no accident at date one, i.e. N i (1) = 0). Under Assumption A.2 agents' risks are independent so that the parameter λ is related to p via the following equation:
A more general possibility is to assume that agents' risks are not completely independent. For this generalization we need to introduce some formal concepts and notation. Here we provide a brief intuitive explanation and all the technical details are given in Appendix A.1. We assume there is a probability space (Ω , F 1 , P ) describing all uncertainty in the economy, where Ω represents all the states of the world (including the number of accidents and the corresponding arrival times) and F 1 represents all the information that will be revealed up to date one. A set A ⊆ Ω is an event and P is the probability measure that tells us how probable any event A is. We use 1 A to denote the indicator function of an event A, i.e. for all ω ∈ Ω, 1 A (ω) = 1 if ω ∈ A and zero otherwise. All agents have common priors so they agree on P . E P [x] represents the expectation of the random variable x with respect to measure P . Given a stochastic process (x(t)) t∈ [0, 1] , define for any t ∈ [0, 1] the random variable x(t−) ≡ lim s↑t x(s). In the stock market, as we saw earlier, the information that drives prices is accident information. We keep track of this information with the processes (N i (t)) i=1 N i (t) counts the total number of accidents for the whole economy. All the information generated by (
is public information and is formally described by the filtration (F t ) t∈ [0, 1] .
In the general case with non-independent risks we assume that accidents are subject to possible contagion effects: Assumption B.2 All agents will have a date one endowment loss of magnitude L < w i,1 with probability p so that e i (0) = w i,0 > 0 and
The distribution of accident arrivals is described by a hazard rate
When agents' risks are independent λ i (t) = λ1 N i (t−)=0 -i.e. after an accident, when N i (t) = 1, agent i is no longer at risk and his hazard is zero. In the general case, using function g(t, N(t−)) instead of the constant λ allows two effects: one, a non-time homogenous hazard rate, e.g. an accident can be more (less) likely at the beginning (at the end) of the trading period ([0, 1]); and two, the hazard rate can depend on N(t−), i.e. on the current total number of accidents. The latter effect allows us to model contagion by allowing the hazard rate to increase (or fall) as the number of accidents in the economy increases.
Each of the J insurance companies sells insurance to a set of agents. I j is the set containing the indices which identify the agents that buy insurance from firm j.
There are two types of dynamically traded assets: insurance company shares, and a zero coupon bond. Any dynamically traded asset is formally described by a final dividend d j and a stochastic price process S j (t), with S j (1) = d j . As the auctioneer sets prices so that there are no arbitrage opportunities, by Harrison and Kreps(1979) , there exists a probability measure Q on (Ω , F ) and an interest rate process r(t) such that for all j,
We will use the notation r = 1 0 r(t) dt for the interest rate, and
for the set of assets in stock markets (where S 0 (t) refers to the bond and S j (t) to the shares of insurance company j = 1, . . . , J).
All these preliminaries allow us to formalize different economies with risk and compare different types of economic institutions. We will distinguish economies in terms of the set of assumptions on preference-endowment pairs and we will also distinguish between an economy with only state-contingent commodity markets and one with asset markets. We will consider two types of state-contingent commodities depending on whether both assumptions A.1 and A.2 hold (economy
E(A)), or whether both B.1 and B.2 hold (E(B))
. A state-contingent economy, e.g. E(A), is distinguished from the same economy with asset markets by explicitly including the set of assets in the description of the economy
, E(A, D). The basic economy which integrates insurance and financial markets is E(A, D).
In this economy everyone has the same preferences and risk and everyone can buy private insurance coverage and invest in a bond and insurance company shares.
The budget constraint
We now define what consumption allocations agent i can achieve. In terms of insurance, agent i can buy as much (non-negative) coverage as he wishes, α i ∈ R + . As for possible investment strategies, given prices
is the number of units of asset j agent i plans to hold going into date t. The set of allowable investment strategies is denoted by Θ and it does not allow trades to anticipate information or to hold an infinite amount of any asset. We also assume 2 We do not explicitly include the private insurance contracts in the description of asset markets to reduce notation. If there are asset markets then there are insurance markets as well. 
Insurance Market Equilibrium
We want to study the effects on insurance of having sophisticated financial markets. The approach we follow here is to compare what happens in an economy with insurance and other assets with an economy with state-contingent commodity markets. The first welfare theorem tells us that the equilibrium allocations in the state-contingent commodity economy will be Pareto efficient. If those allocations can be attained as an equilibrium with insurance and financial assets then we can say that insurance markets are efficient. In order to determine the effect of financial assets we have to compare the economy with financial assets to one without.
We know from Arrow's pioneering work (Arrow 1964 ) that without dynamic trading one needs 2 n financial assets to obtain the state-contingent equilibrium of E(A) as a financial markets equilibrium. From Malinvaud (1973) we obtain that insurance without financial markets will not be efficient in general. This is because there are only n insurance contracts to deal with both individual risk and aggregate risk. As n gets larger then by the law of large numbers the aggregate risk disappears and only then will the n insurance contracts suffice. Duffie and Huang(1985) extend Arrow(1964) to markets with dynamic trading and asset market equilibrium (as defined by Radner (1972)). Allowing for dynamic trading reduces the number of assets needed, namely you need at most K +1 'appropriate'
assets. The value of K is a fixed number, determined by the underlying stochastic process. In Appendix A.2 we demonstrate that for our economy K = n. We want to explore what this dynamic trading does for insurance markets.
State-contingent equilibrium (Arrow-Debreu equilibrium) is a standard concept so we will not define it here, but we do need to define an equilibrium for insurance markets. The notion of equilibrium we want to use is one in which agents are making their consumption, insurance and trading decisions in an optimal manner, given insurance and asset prices. These prices, set by the auctioneer, have to lead to market clearing in the goods market. Also, these prices cannot allow arbitrage opportunities in asset trading. We also require that private insurance markets are competitive.
Above we related relation (1) risks sold as an asset in the stock market will satisfy the no-arbitrage condition. We do not believe standard no-arbitrage arguments apply here for illiquid insurance contracts but this condition will hold as a result of competition (e.g.
Bertrand-type successive price cutting). Private insurance markets are defined by firms that issue private insurance and finance the risks through the stock market.
Consider a company selling insurance above equilibrium prices, i.e. S The new manager will drive out the old one at a profit. This undercutting will continue until insurance is offered at its market value S I i and the initial value of every insurance company will be zero. Note that it is not reasonable for a manager to sell insurance at a price below
as he will need to add money from his own pockets to compensate investors if he is going to raise enough capital.
is an insurance market equilibrium if:
(ii) there exists (Q, r) such that every S j ∈ D satisfies Relation (1); and (iii) insurance prices are competitive.
Remark 1. 1. There exists an insurance market equilibrium ((x
Without any restrictions on the set of dynamically traded assets, D, we can get this result just by ensuring that D contains enough appropriate securities as in Duffie Huang(1985) . But this is not our objective; we want to address the interaction between insurance and asset markets and its implications for insurance.
In particular, we want to say something more precise about the interaction of D with insurance and about the way agents trade in this economy.
OPTIMAL INSURANCE AND TRADING
The first question we consider is how the presence of additional investment opportunities (the stock market) affects insurance decisions in competitive insurance markets.
We know (e.g. Smith Mayers (1983)) that in general the optimal amount of coverage will depend on the interaction between indemnity payments and the returns on the rest of the assets in the economy. We will show that competitive insurance markets can result in the demand for insurance being independent of the returns of other investments. Furthermore, this demand for insurance will be a demand for full insurance coverage. We look at competitive insurance markets in economies that satisfy two additional conditions: (i) only undiversifiable risk carries a risk premium, and (ii) agents can tailor their exposure to aggregate risk. For t ∈ [0, 1] and measures P and Q, let P t and Q t define the restriction to (Ω , F t ) of P and Q respectively. Definition 2.1. In economy E, a measure Q is said to price only aggregate risk if there exists a real-valued function f such that ξ(1) = f(e(1)) where
In economy E, a set of assets D is said to span aggregate uncertainty if for every consumption allocation x such that x(1) = f(e(1)) there exists θ ∈ Θ and
If measure Q prices only aggregate risk then the price of an asset depends only on its relationship with aggregate risk. If some arbitrary given set of assets spans aggregate uncertainty then the agent is free to transfer consumption between different realizations of aggregate uncertainty arbitrarily. Under these conditions we can establish the relationship between insurance and investments in an economy with competitive insurance markets even if it is not in equilibrium. Thus, if an economy has a sufficiently effective stock market (in terms of what agents can achieve using the assets traded in that market) and if the investors in that economy only care for aggregate risk then we should observe some very special behavior in competitive insurance markets: we should observe people buying full insurance.
We are familiar with the idea that the purchase of full insurance is intimately tied to actuarially fair prices (prices equal to the expected value of future indemnity payments) -but is it the case that if we observe full insurance it means that insurance prices are actuarially fair? Also, we want to know how stringent conditions (i) and (ii) are. Condition (ii) seems quite general, but how about condition (i)? To answer these questions we construct efficient insurance market equilibria.
INSURANCE EFFICIENCY AND EQUILIBRIUM
We have seen above (Remark 1.1 and related discussion) that markets will be complete with dynamic trading of n + 1 assets and agents will be able to achieve efficient allocations. We have just shown that under certain conditions agents can attain their optimal allocations by buying insurance and trading assets that span aggregate uncertainty. Putting these two results together we obtain the following new results: (a) the number of assets in D can be just two (not n); and, (b) we can be very specific about what these two assets are -they turn out to be very intuitive ones: a zero coupon bond and an equally-weighted portfolio of insurance company shares. Insurance markets can be efficient, even if there is aggregate risk, when the economy has a sophisticated stock market. And, the stock market does not have to allow trading in very many different assets. In fact, it only needs to have an equally weighted share index and a riskless bond. The presence of such a stock market eliminates not only the need for the law of large numbers to apply but also independence between risks. An economy can have efficient insurance markets even if it is exposed to large risks such as natural disasters (earthquakes and hurricanes). Insurance markets for risks such as satellite launches can function efficiently even though the number of risks is very small and not independent 4 .
Theorem 3.1. For economy E(B), there exists an insurance market equilibrium ((x
* i ) n i=1 , (S I i )) n i=1 , D) such that ((x * i ) n i=1 ) is
INSURANCE AND TRADING IN EQUILIBRIUM
Having established efficiency we now turn to our earlier result on the effect of stock markets on insurance. If Theorem 2.1 (and its Corollary) hold then in equilibrium agents will buy full insurance. We show that not only is this true but also that we can be very specific about how agents trade the portfolio and the bond in the stock market; we can write down very explicitly what those trades will be. 
Theθ functions are constructed in Appendix A.4.
There are two important new results here. One relates to insurance demand and the other to investment decisions. In terms of insurance demand, we have shown that Theorem 2.1 (generalized purchase of full coverage) and Corollary 2.1 (independence of insurance and investment decisions) apply in equilibrium with very few and natural assets.
As for investment decisions, we would like to emphasize that there are no results in the literature that we know of that characterize trades as we do (both in terms of the exact assets (an equally weighted portfolio of shares and the bond) and the related trading strategies). There are known explicit solutions for continuous trading behavior for given asset price processes but these are limited to models where agents have very specific preferences (of the Hyperbolic Absolute Risk Aversion, HARA, type; we discuss these preferences in the Extensions Section).
Solutions for the optimal trading rule with general preferences are for the most part stated either in terms of the value function or as a stochastic differential
equation (for approaches based on martingale methods). Essentially what we do
is provide an explicit solution to the stochastic differential equations obtained using martingale methods, which in our model turn out to have particularly simple structure and which can be easily computed.
There is still a final question that we want to address and that is: what is the relationship between the equilibrium full insurance decision and the price of insurance. Insurance prices in equilibrium are fair if the price per unit of coverage equals the (discounted) probability of the loss. The difference between the price and the fair value if described using a loading factor. If the price per unit of coverage for agent i is S i and p is the probability of loss, then the loading γ i is defined from the following relation:
We can show that the loading will be strictly positive and independent of i. (2) This breaks the link between full insurance and fair pricing as we understand it today. If we observe people buying full insurance we cannot conclude that prices are fair. Furthermore, if people purchase full coverage and prices are known to be unfair it does not mean that people are irrational or have strange preferences.
Theorem 4.2. For the equilibrium of economy E(B) in Theorem 3.1, the price per unit of coverage for all i ∈ I is the same, S

I i = S, and it has a strictly positive loading, i.e. γ > 0 where
Full insurance and unfair prices are a characteristic of equilibrium behavior in competitive markets when agents have access to stock markets. The price of insurance for agent i, S I i , depends only on its actuarially fair value, p, the loading γ determined from the market price for risk (see Appendix A.5), and the market interest rate, r. This can be easily shown using a well-known result, namely that the optimal risk sharing rule is linear (see Huang and Litzenberger(1988) Putting these together the agent can replicate the optimal risk sharing rule by buying full coverage and investing θ 0 in the bond and θ M in the portfolio, where θ 0 and θ M solve:
EXTENSIONS
One might naturally ask what the effect is of having only one type of risk (defined by λ i (t) and L). Although this model is different from the one in Penalva
By some simple algebraic manipulation
Note that Proposition 5.1 is proven without reference to risks and it implies no dynamic trading. Hence, Proposition 5.1 holds even if there are many different types of risks.
CONCLUDING REMARKS
In order to study the interaction between insurance and financial markets we have constructed a relatively simple theoretical framework that encompasses both industries. We have shown that the presence of stock markets where agents can trade dynamically greatly enhances optimal risk sharing via insurance markets. This is because agents use stock markets for dealing with aggregate risk and insurance for their private accidents. We have shown that the efficiency of insurance markets does not depend on having agents with the same tastes for risk or same wealth levels. Even risks do not have to be independent as long as agents can trade in financial assets. Also, the financial assets needed are neither many nor complex, so that an economy can achieve optimal risk sharing with relative ease.
The way we model the risks underlying share prices enables us to be very specific about how agents trade, and to construct exact trading rules for economies with very general preferences and continuous trading, something that is rare in the literature. Also, in the last section, we showed that the standard finance The hazard rates (λ i (t)) n i=1 define a probability measure P on Ω . Clearly, Ω is uncountable. Equivalently, we could have defined Ω using the space of counting functions (N i (t)) i∈I on [0, 1] -for a more detailed discussion on these issues see Bremaud(1981) . Throughout the paper we use the definition of Ω (in terms of counting functions or stopping times) that is more convenient or intuitive for the context at hand.
The revelation of information is described by (F t ) t∈ [0, 1] , the filtration generated by the random vector processÑ (t) ≡ (N i (t)) n i=1 , i.e. let σ(x) denote the sigmaalgebra generated by the random variable x, then for each t ∈ [0, 1], let F t be the σ-algebra representing all the information embodied in the vector processÑ up to and including date t, i.e.
measurable. A process x(t) is said to be (F t ) t -predictable if x(t) is measurable with respect to F t− ≡ ∩ s<t σ(Ñ(s)). Let x(t−) denote lim s↑t x(s). A process x(t)
is said to be (P, (F t ) t∈ [0, 1] )-integrable if x(t) is measurable with respect to F t− and for all t |x(t)|P ( dω) < ∞. Duffie and Huang(1985) show how to decentralize a state-contingent (AD) equilibrium as a Radner equilibrium if you have one riskless asset plus K appropriate risky assets (see the original for the exact definition of 'appropriate'). The number K is equal to the dimension of the space of (Q, (
A.2. MARTINGALE DIMENSION
where a martingale is an F t -adapted and integrable process X(t) such that
, and E Q [y|F t ] represents the expectation of random variable y conditional on the sigma algebra F t using probability measure Q. This measure Q is derived from the equilibrium price of the AD equilibrium one is trying to decentralize (in Appendix A. 4 we construct one such measure).
Take economy E(B). Equation (1) plus the conditions on preferences and endowments imply that Q(ω) = ξ(ω)P (ω) where ξ(ω) > 0 P -a.s. so that Q is absolutely continuous relative to P . Fortunately, the martingale dimension of the space is invariant to an absolutely continuous change of measure so that it suffices to show:
Proof The martingale dimension is given by the minimal number of martingales, M 1 , . . . , M K , that have the property that for any (F t , P )−martingale there exists (F t , P ) integrable and predictable vector process y such that given
, where for j = 1, . . . , n, λ j = λ for N j (t−) = 0 and zero
. From the martingale representation theorem for marked point processes (see Last and Brandt(1991, pp. 342-346) for a general version and proof of this theorem), for every (P, (F t ) t )-martingale, X(t), there exists a (P, (F t ) t∈[0,1] )-integrable predictable process y(t) such that equation (A.1) holds. It is quite straightforward to show that M j (t) is a (P, F t )-martingale. Furthermore, they are pairwise orthogonal, so that the vector M is minimal. Hence, the martingale dimension is equal to n.
A.3. PROOF OF THEOREM 2.1 AND COROLLARY 2.1
Proof: The agent's problem is
where Q and r(t) are defined in the statement of Theorem 2. 
The first order condition is:
where λ is the Lagrange multiplier in the constrained maximization problem. The properties of u ensure that u −1 is a well-defined function so that we can define
where x * (0) is the constant that solves
The properties of the problem (u i , v i increasing concave differentiable functions satisfying Inada conditions plus the linearity of the constraint) imply that such a x * (0) exists.
(b). By conditions (ii) and (iii) of Theorem 2.1, for x ∈ B(D, S
I i ) there exist α and θ such that
(c). We can write x * as 
Theorem 2.1:
Step (c) shows that full insurance (α i = L) is used in constructing the strategy used to attain the (Problem A)-optimal x * .
Corollary 2.1:
As the insurance decision is always the same (α i = L), it is independent of θ used to attainx(1).
A.4. PROOF OF THEOREMS 3.1 AND 4.1
Theorem 3.1 can be proven using abstract martingale representation arguments (see Duffie Huang(1985) and Penalva (2001)). We complement their arguments 
where v t (x) is the first derivative of the representative agent's utility function at (1)).
From this equilibrium, define Q and r for the insurance market equilibrium as:
Let P t and Q t define the restriction to (Ω, F t ) of P and Q respectively. Define the Radon-Nikodym derivative process as
Define D = (S 0 (t), S M (t)) as follows: for all t ∈ [0, 1)
where the price of a share in firm j is the market value of the insurance company's assets (the premia collected plus interest) minus the market value of the liabilities (future indemnities):
]e −r -this implies that for any insurance company S j (0) = 0. (N(1) ). We need to show that x * i (1) can be achieved using a dynamic trading strategy with only the bond and the portfolio. We can appeal to martingale representation theorems, as in Penalva (2001) and Duffie Huang (1985) , to show that such dynamic trading strategies exists. We proceed by constructing those strategies.
Stage 2.a
We first look at the aggregate process N(t). Consider the general
and we can say that N(t) admits the F t -intensity λ N (see Brémaud for a detailed exposition of these concepts and related results).
Stage 2.b
We now turn to the price process for the portfolio. Define the discounted price of the portfolio as S * M :
Stage 2.c
We want to identify how we will replicate X * (t) using the portfolio, S * M . Using martingale representation arguments as in Penalva (2001) we know that such a portfolio exists. In order to construct it we use that for θ i M (t) ∈ Θ (we drop the i superscripts for the rest of the proof)
So that to construct θ M we need to solve dX (1)) and the definitions of X * and S * M :
So that to replicate X * we need to solve (N(1) ).
As λ N is a function only of t and N(t−), the probability P {N(1) = k|F t } is only a function of N(t), k and t so that for
This function can be easily constructed recursively for time homogenous hazards,
This definition is extended to the non-time homogenous case by using λ j (s) = λ N (s, j) and substituting λ j (1−t) (and λ j+1 (1−s)) with 1 − t) ).
Using these definitions
Given the properties of ξ(1) and P (and abusing notation) we can define deterministic functions ξ(1, N) and ξ(t, j, N):
A.4) must hold at all accident times. For arbitrary adapted process 
A.5. PROOF OF THEOREM 4.2
We prove the result in a more general way using the concept of exchangeability. 
